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Abstract

Some aspects of existing theories of the wind-driven ocean circulation are examined with
particular emphasis on the question of the need for the inclusion of lateral eddy viscosity to
provide a mechanism for balancing the applied wind torque. A new model is proposed according
to which the ocean is divided into a southern and a northern portion, attention being restricted
to the former which is itself subdivided into an interior region and a boundary region adjacent
to the western shore. The equations of motion in terms of spherical coordinates are formally
integrated over depth for both a homogeneous and a two-layer ocean. Approximate equations
analogous to those used in existing theories are proposed for the interior region. Conditions in
the boundary region are considered in an effort to determine the relative importance of the
various terms in the equations. Based on these considerations approximate equations are derived
for the boundary region. These imply the predominance of the pressure terms, the nonlinear
inertia terms and the terms arising from the variation of the Coriolis parameter with latitude.

The approximate equations are transformed to surface coordinates and are applied to the
homogeneous ocean and a two-layer ocean subjected to a simple wind distribution, yielding
reasonable results. It is shown that the variation of the Coriolis parameter plays a fundamental
role in the formation of the stream on the western shore. Simple physical interpretations of the
results are presented including an explanation of the facts that no similar stream can be formed
on the eastern shore and that the variation of depth in a two-layer ocean, when the Coriolis
parameter is assumed constant, cannot give rise to an intense stream. Appropriate curves illus-
trating the dependence of the solutions on certain dimensionless parameters are given. When
applied to the North Atlantic the theory gives reasonable results for the Gulf Stream north to,

say, Cape Hatteras,

1. Introduction

Existing theories of the wind-driven circu-
lation in closed ocean basins (SVERDRUP, 1947;
MUNK, 1950) are based on the assumption that
the principal features of the flow pattern are
the result of the balance between wind,
Coriolis, lateral friction and pressure forces and
that all other contributions to the dynamic
equations are, for purposes of an approximate
investigation, negligible. This assumption leads
to a linear problem, an approximate solution
of which is obtained most conveniently by
applying boundary layer analysis to the vor-
ticity equation (MuUNK and CARRIER, 1950).

1 Contribution No. 811 from the Woods Hole
Oceanographic Institution.
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Although the circulation which is predicted is,
at least qualitatively, very reasonable, the
theory has been criticized especially on the
grounds that the value of the coefficient of
lateral eddy viscosity must be chosen empiri-
cally, and further, that the value which gives
the proper width to the intense current on the
western shore is considerably larger than that
indicated by other, independent considerations.

In the following, other aspects of the above-
mentioned theories are considered and atten-
tion is devoted to the question of the im-
portance of the lateral eddy viscosity. It has
previously been argued that this must be in-
cluded in every steady-state theory because it
provides the forces of friction on the sides of
the basin which give rise to the torque that
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must be present to balance the total torque
exerted on the ocean by the wind. This
problem is discussed in Section 2 where an
equation for the balance of total moment of
momentum about the center of mass of the
ocean is derived and it is seen that this con-
sideration alone is not sufficient to determine
whether friction is required in the moment
balance.

In Section 3 the equation of vorticity in
terms of spherical coordinates is formally
integrated over the depth of a layer of water
which is considered to have uniform density
(either the total ocean depth, if one deals with
2 homogeneous model, or the depth of the
upper layer in a two-layer model). Approxi-
mate equations which apply to the interior
region of the ocean and stipulate the pre-
dominance of wind, Coriolis, and pressure
forces are derived in Section 4. In Section 5
the conditions in the boundary region in
which an intense current is expected are
discussed and we return to the problem of the
need for including lateral eddy viscosity.
Based on this discussion a model is proposed
according to which the ocean is divided into a
southern and a northern region. Attention is
confined to the former which is again divided
into an interior region, to which the equations
derived in Section 4 apply, and a boundary
region, adjacent to the western shore, for which
approximate equations are derived by means
of boundary layer analysis. These imply the

redominance of the pressure terms, the non-
Fincar inertia terms, and the terms arising from
the variation of the Coriolis parameter with
latitude, friction being neglected.

The approximate equations are transformed
to surface coordinates in Section 6 and are
applied to a homogeneous ocean in Section 7.
The theory predicts an intense current flowing
northward along the western shore. The
reason for the existence of this current from a
physical point of view is discussed and it is

1 The probability that viscosity is unimportant in the
Gulf Stream was suggested by H. Stommel in a discussion
following formal papers delivered at the June 1954
Convocation at Woods Hole (the complete proceedings
of which are to be published as a supplement to the
Journal of Marine Research, Vol. 14, No. 4, Dec. 31,
1955), and in a privately printed pamphlet entitled “Why
do our ideas about the ocean circulation have such a
peculiarly dream-like quality?”’, April 1954.
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shown why no similar current can exist on the
eastern shore.

In Section 8 the theory is applied to the
upper layer of a two-layer ocean. The role of
a certain parameter involving the depth of the
layer, the magnitude of the westward volume
transport into the boundary region, the south-
north dimension of the basin, the reduced
gravity constant, and the variation of the
Coriolis parameter with latitude, is studied. A
proof is given that the variation of the Coriolis
parameter is essential to the formation of an
intense current even in a two-layer system.
Numerical solutions are presented and it is
concluded that, for reasonable values of the
physical quantities involved, the barotropic and
baroclinic models are not basically different as
far as the formation of the stream 1s concerned.
When applied to the North Atlantic the theory
predicts the correct order of magnitude for the
width of the Gulf Stream.

2. Moment of Momentum Balance

It has frequently been asserted (e.g. MonT-
GOMERY, 1040) that, for steady-state conditions,
friction must be present on the bounding
surfaces of the basin to provide the torque
required to balance the total torque applied by
the wind. Since it has been held reasonable to
assume that the friction on the bottom is
negligible, this argument has led to the
conclusion that lateral eddy viscosity must be
included in the equations of motion in order
to give rise to a shear stress on the sides of the
basin. In view of the obvious importance of
this question, it will be examined in the
following. The physical quantity of interest is
the total moment of momentum about the
center of mass, the momentum referring to
the velocity recorder by an observer who is
fixed to the earth. For steady-state conditions
this moment must be constant.

The equation of motion is

e%+ezﬂxq+99><(9><')=

=-Vp+oVy +F (2.1)
where q is the velocity of a particle as seen by
an observer fixed to the earth, D/Dt is the
material derivative, ¢ is the density (not
necessarily uniform), £2 is the earth’s angular
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rotation vector, # is the position vector of the
particle with respect to the center of the earth
and with respect to a coordinate system which
rotates with the earth, p is the pressure, y' is
the gravitational potential, and F is the net
force on a unit volume due to eddy viscosity
and can be written v - ¢ where ¢ denotes the
stress dyad minus the contribution of the
PrCSSUrC p.
The equation of conservation of mass is

do . _
s div og = o. (2.2)
Set

Vi —82x(2xr)

=Vy -V <§ Q2z712> =Vy (23)

where @ is the perpendicular distance of a
point from the axis of rotation of the earth,
L is the absolute value of £ and y isthe apparent
gravitational potential. Carrying out the vector
multiplication of the resulting equation with
7., the position vector of a point with respect
to the center of mass, and integrating over the
total VOlume Of the ocean, one has

f@fc X %?JV+ fgr, x (28 x g) dV =
4 I
~ [r.xVpdV+ for.xVydV+ [r.x Ve dV

v v v
(2:4)

This equation can be transformed by making
use of equation (2.2), the relations

Dr_
Dt _q’
Dy . D
fgﬁdv =2 fepiv,  (23)
12 V

@ being any arbitrary continuous function with
continuous first derivatives, and the transfor-
mation formulae relating volume and surface
integrals, to give

2j'rt+quV+ Jroxo(2Rxq)dV =
Dty v

Sorex VydV - [r.xnpdS+ [r.x TdS (2.6)
14 3 3
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where S is the surface enclosing the volume
V, n is the unit outer normal vector on S, and
T=n-o and denotes that portion of the
surface traction which is due to the frictional
mechanism. It should be noted that equation
(2.6) holds irrespective of the particular nature
of the eddy viscosity (or molecular viscosity),
the only additional requirement for its deriva-
tion being the symmetry of the stress dyad.

The left-hand side of equation (2.6) repre-
sents the rate of change of moment of momen-
tum and consists of the rate of change as seen
by an observer fixed to the earth and the
contribution by the Coriolis forces. The right-
hand side represents the moment of all external
forces, the gravitational attraction, the pressure
on the surfaces and the forces arising from
viscosity. The last integral may be split into
two portions, one involving integration over
the Eee surface and thus representing the
moment due to the wind, the other involving
integration over the ocean bottom and sides.
The contribution of the pressures to the
moment is principally due to the fact that the
free surface is disturbed by the motion and
that the moments due to the pressures on the
sides will then not, in general, add to zero. If
one deals with a circular basin having a vertical
shore and uniform depth, then the moment
due to the pressures acting on the shore will be
very small because the center of mass will be
very close to the geometrical center.

For a steady-state solution the first term on
the left of equation (2.6) must vanish. The
contribution of the body force to the moment
is negligible. Thus the moment balance in-
volves the contributions of the Coriolis force,
the pressure, the wind, and the friction on the
shores and bottom, and it is seen that no
immediate conclusion can be drawn from this
consideration alone concerning the need for
including friction on the sides, even if friction
on the bottom is neglected from the start. The
moment created by the wind may possibly be
balanced by the Coriolis and pressure moments,
or by the former alone if the basin is circular.

The preceding considerations in no way
prove that lateral friction is not required; they
only demonstrate that the question cannot be
decided on the basis of moment balance alone.
The problem will be discussed from a different
point of view in Section .
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3. Equations of Motion in Spherical
Coordinates

Since an analytical investigation of the three-
dimensional problem is prohibitively compli-
cated, we foﬁow the usual procedure of con-
fining our attention to the integrals over depth
of the velocity components and of the vorticity.

Using the spherical coordinates (r, &, ¢), the
origin being at the center of the earth and 4
being the colatitude, and corresponding ve-
locity components ¢;, ¢,, g3, the momentum
equations are

(;itl+non linear terms — 2 ¢362 sin & =
=_§%: -g+F (3.1)
—M—zq39c050=—£%g—§+b‘z
(3.2)

Ko, O, 02 %, 95 4y s,

o Tty ¢ rsind dp  r

+q—2:1—3 cot B + 24,2 cos & + 24,2 sin & =

I 1 Jp
T rsind —9Tp+F3

(3-3)

Here (F,, F,, F;) denote the contributions of
the eddy viscosity, g denotes the gravitational
acceleration, and the centrifugal force terms
which give rise to the ellipticity of the un-
disturbed free surface of the ocean have been
neglected.

We shall make ecither of two assumptions
concerning the distribution of density; a) we
consider the “homogeneous” ocean which has
uniform density everywhere and is subse-
quently assumed to be of uniform depth when
undisturbed; b) we consider a “two-layer”
ocean which consists of two superposed layers
each of uniform density. In the latter case we
shall be concerned only with the motion in the
upper, lighter layer, and the equations of
motion refer to that layer alone. Hence, in both
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cases, the equation expressing the conservation
of mass is that for an incompressible fluid:

2., . 2, . J
= (r2 sin Bgy) + 5 (rsindqy) + 70 (rgs) = o
(3-4)

The radial component of vorticity is

(= (curl q)1 =
J ; J
= m [ﬁ (r sin dg,) ~ P ('qz)] (3.5)

The first component equation of the vor-
ticity equation is obtained by performing the
operation appearing on the right side of (3.5)
on equations (3.3) and (3.2) in the place of ¢,
and ¢, respectively, and making use of
equation (3.4):

Ky, Ky 2%, 4 %
Tty 28 T sin g (7<p+
190 %9y 100, 1 909
rod o oy rsind dp Ir
1 g 2
_rzsinﬁgq—:qz—*-?qlcl—
4 d . 4
- siln r = (r* sin 41) + - L2 cos Bg; -

2 2,
—ﬁ.{?cotﬁz(r sin dq;) +

2. W94 2, . _
+7Qsm0%——?[)sm0qz—

1 J , . J
=f—2 sin 0 [979" (f sin ’191:3) - %

The rate of change of the first component
of vorticity as we follow a particle is

DG %y, % 6%, 4 %
Dt~ ot Do T 99 rsin 9

CAICE

(3.7)

Note that this is not the same as the first
component of DZ/Dt, § being the vorticity
vector. We shall find it convenient to focus
our attention on that portion of the rate of
change of {; which is associated with the
particle’s horizontal motion only and therefore

define

d g3

il = 3.8

9 T rsnd dp (3-8)
Tellus VIIT (1956), 3
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We now integrate equation (3.6) over the
depth of the total ocean in case a) and over the
upper layer in case b). In both cases the limits
can be written r=h, (9, ¢, ¢) on the bottom and
r=h, (9, ¢, t) on the free surface with 4, being
constant in case a). Letting

f=28cos & (3-9)

and making use of (3.8) one obtains, after some

manipulation
/dcldr (4:1) +2-/-q1 ~Xdr+

+_[<?919 o
hs
I df
" r2sin & dp qz)dr+f dr -

+2Qsm19f 9q1

1dq, 1

299 qa—rsinﬁga—é’—r-_

L fairo, . 2
-== f ﬁ[ﬁ (r sin 0Fs)—an('Fz):ldf
hs
(3.10)

e
where the symbol ( ) |stands for ( ),.p, -
hy
= Jr=te

We now evaluate the frictional terms in
(3.10). Let

p‘_=§ 19 (A,r2aq‘) +F* i=2,3 (3.11)

where A, denotes the radial eddy viscosity and
Fy*, Fy* are used for the sake of brevity to
represent the contributions due to the coeffi-
cient of lateral eddy viscosity Ay, the magnitude
of which is so far arbitrary. Assuming that
4, is independent of # and @ and neglecting
the variation of r within the range of the
integration, one obtains for the right side of
equation (3.10)
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OCEAN CIRCULATION
N » e

e (a2 (o53)]
7, h

_-z;r—silr;?<A'(7r9<p>l *
s

3
1 1[d, . o 9 .
+mf;§[§5(r sin ¢ F, )—%(er )]dr
hy
(3.12)

The pertinent components of shear stress are

T’9=A'<£ 9_‘11__?2_’_24_2)
ar

rog r
_9s, % ‘
+ (7r> (3.13)
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o
"\rsind dp r

Since the depth of the ocean is much smaller
than the radius of the earth, only the last term
in each of the brackets in equation (3.13) is
important. Expression (3. 123 can then be

written!
11 2 cot P he
{r (719( ml) r (T'w;,l,) B
1 |)
r sin & 9<p ;,,,
E [9 3%
- or )
1 s ]Jh) }
+rsinﬂ([ (A 9f) Ip *

smq?frz [919 (rsin §F3* )—— rF,,"):I dr

(3.14)
where ([ ]%)
hs
1.5 [].%
r=h, 90 r=hs 9@9

7
=55 [Tre (B B, @, 0)

T'(; =

h,

is an abbriviation for

2 y
and 55 (m,‘!b)

—Trp (hb, 19» P t)]

1 For details see: G. W. MoRrGAN; On the integration
over depth of the equations for the wind-driven ocean
circulation; Reference No. 54 — 89; unpublished manu-
script of the Woods Hole Oceanographic Institution,
December 1954.
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Note that the three terms containing the shear
. I "-

stresses arc approximately = (curl 7), |, where
B

b
7 is the shear stress vector on the surfaces
h, or h,. The additional surface terms arise

from the fact that
9 945 ]
I or

4. Interior Equations

hy h

2 [ (45
(%)

b hy

In this section we derive approximate equa-
tions applicable to the interior of the ocean,
i.e. to a region sufficiently far removed from
all shores. A more precise definition of the
“interior region” will be given in Section §.
We assume, as do other investigators, that all
terms which are nonlinear in the velocity
components, as well as the contributions of
lateral eddy viscosity are negligibly small there.
It is further assumed that the pressure is hydro-
static everywhere in the ocean, i.e. that all
terms involving velocity components in (3.1)
are negligible. These assumptions can be
readily justified by examining the orders of
magnitude of the terms in the equations.
Equation (3.1) becomes

P

5 =08 (4.1)

Integration of equation (4.1) together with the
boundary condition p=o0 at r=h;, gives

p=o0g (hs—1). (4-2)

For the two-layer model, we assume that all
velocities are negligible in the lower layer so
that the pressure gradients vanish there. This
leads to the two relations

by

4l 4 (7’13 ahb_ _g_ (7h,,
i

7o 79 g~ “ng dp 4

where Ap is the density difference between the
two layers. Letting

D=h-h, (4-4)
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we can write
oh._oD b oD
29 9 dp  Ip 4-5

for the homogencous ocean (h, having been
assumed constant) and

Ao D

2 o I I (46)
for_the two-layer model, where it has been
assumed that Ap<p.

The momentum equations (3.2) and (3.3)
become, using (3.11) and (4.2)

1 oh,
—Z.Qqs cos = —g-‘ra—ﬁ +
110 9,
—_— — 2 1<
+g 7 Jr <A,r (7r> (4-7)
. 1 Jh
282q, cos $+282q, sin = - ¢ rsnd Jp

110 93
+ — - = 2
o r® Jr (A,r (7r> (4'8)

Beforc writing the approximate form of the
vorticity equation (3.10) it is convenient to

i
evaluate the term (gq,f)]. Applying the
ha

kinetic boundary conditions

D D
o b= =3 (h-)=0  (4.9)

we have
k.

h
(e, g O
(2:) }L—f( r 99 rsind op (4.10)
hy
Evaluating the right side by means of equations
(4.7) and (4.8), we have

h
b 20 . oh
@)=~ (3 sin 0as 35)
" hs
1f{1 9], %0k
+Q{<r3 ar[A" o 919)
hy

e

(-2 zéq_z]eﬁ }
<r3 sin 9 Ir [A,r ar | op (417)

hs
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When this expression is substituted into equa-
tion (3.10) the last two terms cancel the
corresponding terms on the right side of
equation (3.10) as given by expression (3.14),
provided we neglect the variation of 7 in
equation (4.11).

The resulting vorticity equation (without
nonlinear and lateral eddy viscosity terms) may
be simplified further by noting that the slopes
of the top and bottom surfaces will be much
less than one, so that ¢; €¢,. Thus, only the
term in df/dt is important on the left side and,
using (3.8), equation (3.10) becomes approxi-
mately

20 . b i(r @ &
- '—r— sin 0}{q2df=—9"{7% (T,q;}Jb) +

+60t0 T hls __r 2 T hl }( 12)
r "al rsind g Pl 4

Integration of the approximate momentum
equations (4.7) and (4.8) leads to

o ;19D 1 e
- 280 cos ﬁh/qsa’r— -g —;D55+E(1,,9)h|h

(4.13)

I aD
rsinﬂDw

By
22cos ¢ [ qudr=-¢
hy

I hy

+ —
0 (%) IL

(4.14)

where we have used (4.4) to (4.6) and have
neglected ¢;, and

in the homogeneous ocean

g'=g

g'= é@g ¢ in the two-layer ocean (4.15)

The integrated continuity equation is readily
shown to be

) b ) h
%’{ sin gy dr + %h{ gsdr=o0 (4.16)

This relation is approximate in that the varia-
tion of r over the range of integration has been
neglected. Introducing the “transport” com-
ponents Qg, Q, equation (4.16) is satisfied by
Tellus VIIT (1956), 3
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defining the transport stream function ¢ by
the relations

hi
Q.= hf Gpdr =

o 1y
Q3=hf¢Jadf=—7%

b

__L
rsin ¢ Jdgp

(4.17)

Equations (4.12) to (4.14) and (4.17) are the
equations which we shall apply to the interior
of the ocean.

5. Boundary Equations

a) Preliminary discussion.

To conform with reality, the circulation to
be predicted by theory will have to exhibit
relatively large velocities and velocity gradients
at least near the western shore. Hence the
approximations made in Section 4 for the
interior region of the ocean cannot be expected
to hold there. This is otherwise evident from a
mathematical point of view since the approxi-
mate equations (4.12) to (4.16) do not con-
stitute a system of a sufficiently high order to
yield solutions which satisfy all boundary
conditions. Hence these equations are not
adequate for the entire enclosed ocean.

It has been assumed by other investigators
(e.g. MUNK, 1950) that the influence of lateral
eddy viscosity, while negligible in the interior,
becomes important near the shore. The theory
based on this assumption has led to a circulation
pattern which looks remarkably realistic. As
was already mentioned in the introduction, the
theory has been criticized, however, because
of the need for the empirical choice of the
value of the coefficient of lateral eddy viscosity
and the fact that the value which gives the
proper width to the stream on the western
shore is larger than one might expect from
independent considerations. It is useful to
consider the merits of this “viscous” theory
from other points of view.

It was stated in the introduction that the
torque due to the frictional forces on ‘the
shores has, at times, been held to be the torqug
which balances the torque applied by the wind.
Now the viscous theory shows that the magni-
tude of the shore friction torque depends on
the value of the viscosity (the shear stress on
the shore being proportional to the viscosity
and the normal dertvative of the tangential
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velocity component, and the latter varying as
viscosity to the minus two-thirds power).
Hence, if the argument were correct, the value
of the viscosity should be chosen so as to satisfy
the torque balance! Fortunately the discussion
in Section 2 relieves us of this requirement. If
the friction torque is essential to the torque
balance, it is certainly not the only contribu-
tion.

Consider now briefly, from a physical point
of view, the role of the shore in producing an
intense current. The solution of the interior
vorticity and continuity equations (4.12) and
(4.16) with a realistic wind distribution and
neglecting bottom friction (see Section 6) leads
to a southward transport component over the
southern interior. The equations do not
determine the direction of the other com-
ponent. This evidently depends on the flow
near the coast. Whichever it is, in a model
which requires that the circulation be confined
essentially to the northern hemisphere, the
stipulation of an eastern or western shore must
give rise to an intense northward current on
one of the coasts, since the water which flows
toward this coast has to be turned to the north
to satisfy continuity. The stream will have to
be narrow and hence intense if it is not to
interfere with the concept of the interior
region. Thus, the boundary condition of
vanishing normal velocity on the shore is
responsible for turning the current northward;
the mechanism which accounts for the narrow-
ness of this current (and which will determine
on which of the two shores the current exists)
remains to be investigated, but it appears
reasonable that the usual viscous boundary
condition of no slip will not have to play an
essential role in the creation of the stream. This
is also indicated by the viscous theory which
shows that even if the extreme condition of
zero normal derivative of the tangential
transport is specified on the coast, the width and
intensity of the stream are essentially unaffected.
If, however, the no-slip condition is not
essential, then the function of viscosity may
not be paramount in the formation of the
stream. It is ‘only necessary to have a system
of equations which is of sufficiently high order
to be capable of yielding solutions which can
satisfy the condition of vanishing normal
transport. This, of course, can be accomplished
by including the nonlinear inertia terms. The
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inclusion of viscosity, on the other hand, leads
to a higher order system which requires
another and, it seems, extraneous boundary
condition.

It is important to note that the preceding
discussion, having been restrictcdP to the
formative stage of the northward stream, does
not necessarily suggest that lateral viscosity
will not be important anywhere in the system.
Since our study of the moment of momentum
balance gave no conclusive answer to this
question, it may be useful to examine it here
from another point of view.

Imagine that the flow is contained between
two solid concentric spheres and that it is
created by the application of body forces
uniformly distributed over the depth, rather
than by surface forces. If there is no top or
bottom friction we may expect the motion to
be independent of r and to have vanishing
radial velocity. The vorticity equation (3.6)
then becomes

‘%(Cl +f) =(curl B); +

where B represents the body forces. If (curl B),
is everywhere positive, (as we may expect

lateral eddy (5.1)

viscosity terms

(curl 2), |, the curl of the wind stress, to be),
and if viscosity is absent, then equation (5.1)
says that the quantity £, + f will always increase
as we follow a particle. If the system is closed,
this leads to a nonsteady flow. Hence, for
steady flow, lateral friction must be important
at least in some region through which every
particle will have to pass.

This conclusion also follows immediately
from energy considerations. The direction of
the flow to be expected in the interior is such
that the body force would do positive work
on the system. In the absence of lateral eddy
viscosity, however, there is no mechanism for
dissipating the resulting increase in kinetic
energy.

The author has so far not succeeded in

'carrying out an analogous examination of the

variation of ¢, +f for the actual problem. It
may be noted, however, that in our formula-
tion the transfer of the wind stress to the water
occurs by means of vertical eddy viscosity and
that, therefore, a mechanism for energy
dissipation exists even in the absence of lateral
eddy viscosity. Thus, the energy argument
breaks down.

Tellus VIII (1956), 3
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b) A new model.

The considerations presented so far suggest
that we adopt a new model for our system.
Let us imagine the ocean between, say, 10°
latitude and 50° latitude to consist of a southern
and a northern portion with the dividing circle
of latitude at about 35°. The southern portion
is further divided as shown. The figure also
shows a typical streamline of the anticipated
circulation, most, or perhaps all, of the stream-~

lines being expected to pass through all three

regions.
50°
E—Y\E
35°
EO.

The three regions of a new ocean model.

Fig. 1.

I;: interior region; Iy frictionless stream region; II:

northern region; nonsteady and lateral friction effects
possibly important.

Our theory will apply to the interior region
I; and the boundary region I,; (it will be seen
that no boundary region is required on the
castern shore). In I; the equations of Section 4
are applicable. In I, nonlinear inertia, but not
viscosity, will be included. In the Atlantic, I,
is to include the Gulf Stream north to about
Cape Hatteras. In region II nonlinear, viscous
anj) nonsteady effects may be important. This
region includes the Gulf Stream meanders. If
it turns out that lateral viscosity must be
present somewhere in the system, its influence
will be confined to region II. It is quite possible
that the analysis of the problem in regions I
and II together may have to include instability
of the meanders, i.e. nonsteady effects. These,
too, are assumed to be present in II only. The
analysis of the flow in I is based on the assump-
tion that this flow can be studied without
inquiring into the conditions in IL. Thus,
whatever occurs in II, the flow which emerges
from there into I; is such that it obeys our
interior equations. Similarly, the flow entering
II from I, is supposed to be determined by
conditions in I; and 1, alone.
Tellus VIII (1956). 3
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c) Order of magnitude estimates.

The terms in the vorticity equation (3.10)
may be grouped into three categories: (i)
terms non%near in the velocities, (ii) terms due
to the earth’s rotation, (iii) terms resulting
from eddy viscosity. The relative importance
of each group will be examined in the follow-
ing subsection by the usual procedures of
boundary analysis. In the present section we
carry out a preliminary simplification by
comparing the relative magnitudes of the
terms within each group.

(i) It will be assumed that the shores are
given by two meridians. We must then expect
that, in the boundary region, |{ ¢ <}q,]| and
% , will
be much smaller than those normal to the

derivatives parallel to the shore,

shore, Hence, from equation (3.s),

d
<9¢>’
$i~ = (1/r sin®) (995/ Ip). The magnitude of
¢, is readily estimated from the kinetic bound-
ary condition, equation (4.9), in terms of
ﬁz, gs and the slopes of h; and hy. For the

omogeneous ocean ¢, is very small due to the
small surface slope. For the two-layer ocean
the principal contribution is due to the slope
of h,, the thermocline, the variation of h,
being of the order of the depth D itself.

Examining the third integral in equation
(3.10), it is clear that the tglrst, second and

fourth terms are negligible compared with the
third.

h y
The contributions of [ (d¢,/dt)dr and (¢,¢;) |
h hy

b

are seen to be of equal importance in the
two-layer case. To compare these terms
with the remaining nonlinear terms involving
radial differentiation, we must obtain an
estimate of dg,/dr. The second, third and
fourth terms of equation (3.10) have the
following orders of magnitude for a two-layer
model:

he
[(91/9) 042l 9))s wbis (galr)e=s [(aqz/gq,) }! ];
h,
(241/99)r =1 [(qzlr)}!b].
(For a homogencous ocean ¢, is so small

everywhere that all these terms are negligible.)
The second and third of the above expressions
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involve a difference in the values at h;and b,
of the quantities J¢,/Jdp and g,, respectively.
If these differences are of the order of the
quantities themselves, then all terms must be
expected to be of equal importance. We
assume in the following that these differences

are much smaller than the quantities themselves
by

and hence that the term (g &) |, predomi-

14

nates. This implies that the top and bottom
shear stresses which constitute the principal
cause of the radial variation of g, are relatively
unimportant in the boundary region, thus
leaving ¢, essentially uniform with depth.
This congition can probably be relaxed some-
what because our estimates of the third and
fourth terms are likely to be on the high side,
¢, and Jq,/dp having been taken out of the
integrals and evaluated at r = h, where they will
be greatest. Nevertheless it may be important
to note that the justification for omitting the
terms under consideration is not beyond
question,

(i) As in (i), the first two terms involving
£ in equation (3.10) are seen to be of the same
order, while the third one is negligible.

(i) We turn to expression (3.12) for the
terms due to eddy viscosity. Of the three terms
involving radial eddy viscosity the last one will
predominate. The principal contribution due
to lateral eddy viscosity comes from F,* and
is approximately

ha
1 #q,
or® sin® ﬂf A
hs

Aj. denoting the lateral eddy viscosity.
The simplified vorticity equation (3.10) now
becomes

h

[se+ni-latn]-

11 %q,
T or (A'9r97p>
he

I b .
" s g ATl

hs

fe

with {2 — (1/r sin §) (9q,/ ).
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d) Boundary layer analysis.

In this subsection the technique of boundary
layer analysis is employed to examine the
relative magnitudes of the terms in (5.2). This
technique assumes that a boundary layer type
of solution exists. If it does, then the procedure
readily yields an estimate of some of the
properties of the solution; in this case, of the
width and intensity of the stream.

We first assume that the essence of the
phenomenon of interest to us will not be lost
if we neglect the radial variation of the velocity
components and of A; within the boundary
layer for the purpose of evaluating the integrals
in equation (5.2). We also assume that the radial
eddy viscosity term is not important. This
assumption may not be valid for a homogene-
ous or a two-layer ocean, or perhaps even for
a more realistic model, but an argument in
its favor might be as follows. At the top
surface the radial velocity gradient will be
zero in the absence of a meridional wind.
At the bottom surface the radial eddy
viscosity may be sufficiently small to keep
(A4, 7295/ Irdp),_p, small. We make the as-
sumption in spite of the uncertainty of its
validity because of the desirability of investigat-
ing the boundary solution in the complete
absence of friction. Equation (5.2) becomes

d h.
pdEtD g, -
: h,
___ D 4 %%
T e sin3 §C T gt

(5-3)

or, using the kinetic boundary conditions (4.9),

d(L+f I Pqs
zt( D >—_Dgr'“’sin‘*q')AL97}75 (5-4)

Equation (5.4) is rendered dimensionless by
the following transformations

da=q%qs 95 =q*qs
17 19 1 02

— e A e — o —— A —

rdf s I rdp s oy

280
p=—

where ¢* is a characteristic velocity taken to be
a measure of the zonal velocity in the transition
Tellus VIII (1956), 3
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region from the interior to the boundary layer,
s 1s the south-north extent of region I, and
sin?® is approximated by one. We further
restrict ourselves for the moment to an homo-
geneous ocean or to a two-layer model with
such a deep upper layer that the depth may be
regarded as uniform. Equation (5.4) then
becomes approximately

q* [ . P | P ey
T <q2 95 g +4q3 et cos g, = +
,_AL #qy

+ 9z '_53_‘3 %/3‘ (56)
According to our discussion in Sections § a)

and sb), we expect that the nonlinear terms

will be important in the boundary layer.

Since they are negligible in the interior, the

parameter

*

[N

N

il
|

(5.7)

2

1%

=

must be much less than one. Hence the terms
cannot be important in the boundary layer
unless the derivatives, and possibly the func-
tions themselves, are large there. We therefore

set .
(5-8)

where m, n are to be determined and are
expected to be positive. We hope to find a
transformation (5.8) such that ¢, (%/¢"),
g5’ (%, ¢"") and their derivatives are of order
one in the boundary layer. The magnitude of
each term will then be indicated by its coeffi-
cient.

The continuity equation (4.16) shows that
m=n and equation (5.6) becomes

¢'=Nmg", gy’ =N7rgy

” 22q2” ’ 92‘]2” 11(772”
1-3m I T
N <q2 919/ atpll + q3 9(P”2 Cos 0q2 a(pll '
” AL 93(]2”
—m - —4m
+ N-mg," =N osf 793 (5.9)

Since we expect nonlinear and Coriolis terms
I
to balance, we must have m=—. The terms

due to lateral eddy viscosity will be unim-
portant if N="2 Ay (0538 =p"1A; [0g*"»< 1. The
width of the stream will be of order sN*:=
= (¢*/B)", and the meridional velocity com-
Tellus VIIT (1956), 3

31T

ponent will be of order g*N—'=s(g*p)".
With f=2x10713: (cm sec)™!, ¢*=10 cm
sec! this gives approximately 70 km for the
width of the stream, which is the correct order
of magnitude. The condition for smallness of
the friction terms places an upper bound of
approximately $ x 108 cm? sec™! on the magni-
tude of A;. Assuming that this corresponds to
actual conditions and that, therefore, lateral
eddy viscosity is negligible, the vorticity
equation (5.4) becomes

d(Li+f _
ZZ( D >—°

Since, in this equation, the variation of {;, s,
gs with depth has, effectively, been neglected,
the derivative d/dt may be interpreted as the
rate of change as one follows a vertical column
of water in its horizontal motion, and the
equation (5.10) states that the potential vor-
ticity associated with such a column is con-
served during its motion in the boundary
region. Using equation (4.17), equation (5.10)
can be integrated along a “transport line”, i.e.
a line of constant ¥, to give

52 F)

(5.10)

(s.11)

where F is a function which must be determin-
ed by matching the distribution of ({,+f)/D
in the boundary with the distribution in the
interior near the edge of the boundary layer.

e¢) The momentum equations in the bound-

ary layer.

The considerations contained in the preced-
ing sections may now be applied to the integrals
over depth of the momentum equations (3.2)
and (3.3) to derive approximate equations
which are consistent with the assumptions
made in deriving the vorticity equation. They
are

hs

92 s 95 99a\, _ » _
_/(r 29 +——rsinz9(7<p)dr 28 cos 0;1,,] gsdr =
he

, 1. dD
~¢ D55 (5-12)
Q F gud 1D
2 cosﬂh;/q2 r=—g 9 (5.13)
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We note that the meridional transport compo-
nent is geostrophic, but that the zonal compo-
nent is not, the nonlinear terms being as
important as the Coriolis contribution.
Neglecting the variation of the integrands
with depth, we derive an approximate
Bernoulli equation by multiplying equation
(5.12) by q,, equation (5.13) by ¢, adding the

resulting equations to obtain

d (9®

d <?> *
and finally integrating along a streamline (or
transport line), giving

,dD

£ =0 (s-14)

2
= . ¢D-Bly) (s.15)
where B is an arbitrary function which must
be determined by matching the boundary with

the interior solution.

6. Transformation to Surface
Coordinates

Having derived the equations in terms of
spherical coordinates in an effort not to lose
any important effects of the spherical ocean
shape by premature introduction of plane
coordinates, we are now ready to make this
transformation to give the equations a more
familiar appearance.

Our boundary layer analysis has been based
on the assumption that the derivative 9/dp
represents differentiation normal to the coast.
Hence two meridians are taken to represent the
coast lines. The simplest coordinate system
will then be one in which these are coordinate
lines. Hence, set

x=Rp, y=R(K-94) z=r-R
3 =gy, = -
I 12 (6.1)
U=Q,, V=-Q,
Tx = Trop, Ty= —T7Tp

where K is the colatitude of the southern
boundary of region I, R is the radius of the
undisturbed ocean surface. Note that while y
measures distance along a meridian of a sphere

G. W. MORGAN

of radius R, x does not measure exact distance
along a circle of latitude. We have

dJ I I J a
= = — 'a—y, %—Rgg (62)

If, instead of x, an alternative coordinate x’
which does measure distance along a circle of
latitude were chosen, (e.g. x’ = @R sin §), then
the most convenient geometrical shape in the
x'—y plane, the rectangle, would represent a
less realistic configuration than j)oes the
rectangle in the x—y plane which corresponds
to an ocean whose east and west shores are
meridians. Moreover, the velocity component
v would then be an inconvenient variable since
it would not represent the velocity in the
direction of the constant x’ curves.!

The interior equations (4.12), (4.13), (4.14),
(4.17) become

ho-R
Bsin @ f vdz =

- R

1 _‘ZEC+C°t0-,+ 1 Jr,
o y R 7 sind dx/.ep-r

(6.3)

h-R "oD? 1
28 cos @ dz= £ 7 “(T)2—pn - r (6.4
hb[}t;z 5 oy Q(y)hR 4
h.— R
-2Qcos ¢ [vdz= —
hs- R
g ID* 1

(6.5)

Trend ox g TR

_h,—R _ 1 91/) h.- R ()w
V—I”‘_[Rvdz Tsin 9 ox U—hb[Rudz Ty

1 The reader may wish to contrast our system with
that of Munk 1950 and MUNK-CARRIER 1950 whose x
coordinate measures distance, with the result that the
rectangle in the x—p plane does not correspond to a
realistic ocean shape. This leads Munk-Carrier to con-
sider a triangle. The rectangle in our x—y plane is perhaps
an equally good approximation to the real ocean shape.

The agreement of corresponding terms in Munk’s
equations and in ours is not complete. This is due to the
fact that Munk’s equations have apparently not been
derived by a systematic transformation of variables and
coordinates from a spherical system; hence there is
same question concerning the relation of Munk’s variables
to those in the actual spherical system.

Tellus VIII (1956), 3
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where we have approximated 1/r by 1/R and,
consistent with the assumption already made
in the derivation of the boundary equations,
have neglected the shear stress at the bottom
surface z=Hhy, - R.

The boundary equations (s.r1), (s.12),
(5-13), (s5.15) become

1 dv

;in—05+z!2cosﬁ
5 =F(y) (6.7)
s R P P he-R
v u v )
‘/\(1;9—}'+E9 (7_x> dz+2,.Qcos'b*h;f_t;dz—
- R '31)2
_&
2 7y (6.8)
hs-R / 2
_ Todee & D
20 cos ﬁb[;dz— Tend ox 6.9)
vZ
Y +¢'D = B(y) (6.10)

Just as in the derivation of the vorticity equa-
tion (6.7), the integrals appearing in equations
(6.8) to (6.9) will be evaluated approximately
by neglecting the z variation of the integrands.

7. The homogeneous Ocean with simple
Wind Distribution

The homogeneous model is important
principally because of the insight that will be
gained into the role of density stratification in
the formation of the western stream by
comparing the behaviour of this model with
that of a two-layer ocean. The most important
question to be investigated in this connection
is whether either the variation of the Coriolis
parameter with latitude, or the density stratifi-
cation, or both, are indispensable. Because of
its simplicity, the homogeneous model also
readily affords insight into the entire phenom-
enon of the coastal stream.

Assume the wind stresses

Y2
Te= — W(I —}§>, T,=0, 0<y<s (7.1)
s being the south-north extent of region I and
W being a constant. Equation (6.3) becomes

. wr t 7 2
ﬂsmq‘}V;=?[—%’+%— (I —%2—)] (7.2)
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where the subscript i is used to denote quantities
in the interior region L. For #=5s° and
K=75° cot? <.7 and s~.35 R, so that the
second term due to the curl of the wind is
considerably smaller than the first term over
most of the range. Accordingly, we neglect it.
Using equation (6.6)

Iy 2yW
Z - gﬂ32 (7'3)
w
ey SR ) B (XY
_2W 2yW di
U,'—Eﬂ—sz(x"r‘l)‘f'gﬂsz H—}" (75)

where I(y) is an arbitrary function. Since we
do not expect a strong current on the eastern
coast, (the impossibility of such a current will
shortly be demonstrated), we anticipate that
the interior solution will be valid all the way
to this coast. Hence, we want U=0 atx=a,
x=0 and x=a denoting the western and
eastern shores. Thus in the region I;

'=zyW P
1)01 9552( ) (7'6)
2 W
Ui= - op(a=%) (7.7)

We now examine the boundary equations.
From equations (6.6) and (6.7) and neglecting
the radial variation of v,

L <I aw>+2!2cosﬁ

sin?$ ox \D Ix
2 ~F(y). (28)

Since ¢’ =g in the homogeneous case, it is clear
from equations (6.8) and (6.9) that the surface
slopes will be very small and that, for a reason-
able average depth, the depth will be essentially
uniform. Expanding cos® in a power series
about ¢ =K and retaining the first two terms

22cosP~20cos K+20 % sin K (7.9)

or
2

f~fx + By, ﬂKE—R[—J sin K, fxk=20 cos K

(7.10)
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and equation (7.8) becomes

1 1%

579 D o (7.11)

+fx +Bry =G ()

where G(y)=DF (y), D being regarded
constant.

According to boundary layer analysis, as
discussed in Section s, the 2/dx derivatives are
large only in the boundary layer and decrease
as one approaches the interior. The transition
from boundary to interior regions is, of course,
continuous, but, to simplify the terminology,
let us define some suitable distance x=L as
the “edge” of the boundary layer, L being
large enough so that the boundary layer
solution there is essentially equal to the interior
solution in the same neighborhood. We then
have

S+ Bxy=G(y) at x=L  (7.12)
But, from equation (7.6),
2Wa
villo ) ~ppar=U  (713)

since we expect L<a, and where U* denotes
the zonal transport into the boundary layer.
Hence

Je+ By =G(U*) (7.14)
and Go=fi+ B (719)

Substitution into equation (7.11) yields
(K -1
(72__1/’ &sm (K R> Dgx
Ix? U*

— — sin? (K - %) Dfxy  (7.16)

Y=

If we consider a closed ocean basin, the coast
x=0 and the southern boundary y=o form a
continuous transport line so that ¢(o, y)=o.
This boundary condition together with the
matching condition as the interior is ap-
proached (equation 7.13) determine the con-
stants of integration. The solution is

sin® (K - y/R) Dﬁx)‘/.

p=U*y [I -—e—( U x:l (7.17)
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and, from equation (6.6)

_(sin" (K-v/R) Dﬂk) s
V= (U*DBk)"ye U * (7.18)

Thus the theory predicts an intense northward
stream on the western coast, the width of the
stream being given by, say,

NIRAN LAY
(- 5

and the intensity of the northward velocity
being of order s(u* Bx)s, where u* =U*/D.
These results are seen to agree with the orders
of magnitude previously derived directly from
boundary analysis considerations in Section
5 d). Expressions (7.17), (7.18) are simpler and
more revealing if we set

x sin <K—%>=X

X measuring true distance along a circle of
latitude.

Curves 1a of Figures 2 and 3 show the
variation of ¢/Usand V/U* with dimensionless
distance X/s from the western shore at y=s
for values of U* (10% cm?sec™?) and s (2 x 108
cms) corresponding to the North Atlantic and
for a depth D (or D* in the terminology of
Section 8) of 4 x 105 cms which corresponds to
the total depth of the ocean. Hence the graphs
may be interpreted as representing the Gulf
Stream which would exist if the motion were
barotropic. The stream is quite narrow (its
width is about 40 km); the transport is very
large near the coast and decreases very rapidly
as the distance from the coast increases. The
predicted flow is seen to exhibit what might
be regarded as the principal qualitative property
of the observed circulation—a westward
interior transport being turned into a narrow,
intense stream near the western coast—and the
width of this stream has the appropriate order
of magnitude.

The results obtained may be given a very
simple physical interpretation. The vorticity
equation (6.7), for D essentially constant,
states that the absolute vorticity of a particle,
{1 +f, is conserved. Since f increases as the
particle travels northward, ¢; must decrease,

(7.19)

. AW .
and since {; (or (7—‘() is approximately zero
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when the particle enters the boundary region
it must become negative. Particles which ap-
proach the coast at low latitude, i.c. with
small f; must undergo a large increase in f to
reach a certain more northerly latitude, and
hence acquire a large negative value of {; (or
dv/3X). Those approaching with larger f need
not suffer such a great change in f to reach the
same northerly latitude and hence acquire less
negative Jv/dX. This gives rise to the expo-
nential type of decline in current intensity
from the coast to the interior.

It is now clear that the interior transport
approaching the west coast could equally well
be turned into an intense southward current
if we did not stipulate that y =0 be a streamline
in the boundary region, i.e. that the circulation
be enclosed on the south. Following the same
physical reasoning as before, a southward
current means a decrease in fand hence positive
Jdv|dX to conserve vorticity. Further, the
particles approaching the coast with larger f
must acquire larger positive dv/2X than must
those approaching with smaller f. Hence we
obtain a boundary layer solution with » having
its greatest negative value at the coast and
increasing to zero as the interior is approached.

Any flow pattern intermediate between the
two already discussed, with a portion of the
westward interior current being turned into
an intense northward stream and the balance
into an intense southward stream is also
possible. The entire infinite family of solutions
is obtained by stipulating the boundary
condition

y(o,y)=psU* o<y=1.
This gives
- (B2
p=U*(ys—y)e \U +U*y (7.21)

(7.20)

DB« l/lX
Ve (U DB (- p)e (T (7.22)

Thus all particles approaching the boundary
region north of y=yps (but, of course, south of
y=s to remain within region I) turn north-
ward, those approaching between y=o0 and
y=ps turn southward, the transport line
y = U*ys dividing at x =0 to form the shoreline
both south and north of y=ys.

Which of all these solutions is the appropri-
ate one depends on the appropriate choice of
the boundary condition and this in turn is
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governed by considerations of mass conserva-
tion in the overall system.

Other solutions may be obtained, for
example, by giving (0, y) a negative value.
This gives a northward stream consisting not
only of the water approaching the coast from
the interior and being turned north, but also
of water introduced into the stream in the
boundary region across y=o, this extra flow
preventing the transport line p=o from
reaching the coast.

Another important result which is evident
immediately on physical grounds is that the
factors which create an intense stream on the
west coast could not create a similar stream on
the east coast. To show this, let us suppose that
the zonal transport component in the interior
is eastward. If this transport is to turn north-
ward, f must increase along a transport line,
hence dv/dX must become negative. Further,
particles approaching with smaller f must
acquire larger negative Jv/dX, than those
approaching with greater f. Hence the solution
would require positive v, negative Jv/JX, and
v tending to zero as one leaves the boundary
region and approaches the interior region.
Obviously, these are incompatible conditions.
A similar argument rules out a southward
stream. Thus we see that a boundary layer type
solution is possible in region I if the zonal
transport is westward, but not if the zonal
transport is eastward.

Mathematically, this is seen as follows. Since
i is zero on y=0, and since U;= - dy;/dy>o0
for an eastward interior current, y; would be
negative for y>o; in particular y; would be
negative at the edge of the intense stream on
the east coast. The matching with the boundary
layer solution, analogous to equation (7.12),
would then lead to an expression for G(p)
analogous to (7.15) with a minus sign in front
of the term containing . This gives rise to a
plus sign for the y term in the equation analo-
gous to (7.16) for the boundary layer stream
function, and hence to trigonometric instead
of exponential solutions. Hence no boundary
layer type solution is possible.

To avoid confusion, it should be emphasized
that the above conclusion does not in any wa
contlict with the well known problem o idcaf:
irrotational fluid theory, in which a flow
impinges on a solid boundary placed normal to
the undisturbed flow at infinity. This flow is
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not of the boundary layer type and the tan-
gential current is just as wide and no more
intense than the normal current. This type of
flow was excluded from our investigations as
soon as we made approximations appropriate
to boundary layer type solutions.

It appears that the simple homogeneous
ocean model contains the essential features of
the type of circulation one expects. In the
following section we investigate to what
extent the two-layer model alters the phenom-
enon.

8. The Two-Layer Ocean with Simple
Wind Distribution?

We consider the same problem as in Section
7 and make the same approximations except
that now the variation ofthe depth D is taken
into account. The interior relations (7.3) to
(7.7) remain unchanged. We shall require a
relation between U* and D; at the edge of the
boundary layer. From equations (6.4) and
(7.7), and setting 29 cos #=f~fx + fxy, we

ave

D¢~ <f1,<)’ fﬂLyZ>

2

4 W
oBs%’

(a-x)+C(x)
(8.1a)

where C(x) is still arbitrary. If D* is the depth
at y=o0 and at the edge of the boundary layer
x=L, then C(L)=D*? and

1 Some weeks following the final preparation of this
paper Dr. J. G. CHARNEY (1955) published a theory of
the Gulf Stream much like the one contained in the
following section. Charney’s aim is to study a two-layer
model which is fashioned to fit as closely as possible
the observed topography of the thermocline between
the Florida Straits and Cape Hatteras and the observed
volume transports in the Stream, in order to determine
how closely the theory can reproduce the observed flow.
By contrast, this author’s primary goal has been to criti~
cally analyze some of the questions connected with the
formulation of a suitable theory and the development of
the pertinent equations, and to investigate the mechanism
which gives rise to the intense coastal current. This is
done with a view to clarifying such problems as the roles
of density stratification and the variation of the Coriolis
parameter, the possibility of the existence of a current on
the eastern boundary, the direction of the intense current,
etc. In order not to obscure any of these aspects of the
problem the simple model used to study the homo-
gencous ocean is retained in this section, where our
theory is applied to the two-layer system, and no attempt
is made to fit the model more closely to the Gulf Stream.

G. W. MORGAN

£ 2
De (L,y)=2g—‘,]<f,<y +&<?:Y_> + D* (8.1b)
Another expression for D;?(x,y) may be
derived by using the momentum equation
(6.5). It is approximately

ﬁKy“‘) yi4 2Wsin K
Di2 = — < + 7 X = 7 X +
T e ™ g
+C (y) (8.1¢c}
Comparison with equation (8.1 a) yields
C)=D2+2 2K (8.)

where D, is a constant and denotes D; (g, y).

Instead of using the vorticity equation (6.7)
it is more convenient, in the two-layer case, to
use the momentum equation (6.9) and the
Bernoulli equation (6.10). From equations
(6.9) and (6.6)

vegD G ()
where Cy(y) is arbitrary and is determined by
matching u and D with the interior solutions.
We have from equations (7.13), (8.1) and (8.3)

U*}'=§7 [Zglljf <f1<}' +ﬂ_1;}'_2> +D*{| (-;i;

whence

e

Substituting in equation (8.3) and solving for
D2 we obtain

D2=D*2+2—,f1p—ﬁKYfU‘
g £

Equation (8.6) provides one relation between
the unknowns y and D. A second relation is
obtained from the Bernoulli equation (6.10).
The unknown function B(y) is again de-
termined by matching with the interior
solution. As one leaves the boundary region,
equation (6.10) becomes

g [D*2 + sz,]* <ny + EI?)]% =B (U*y)
(8.7)
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giving y /
=g 2 2JK ﬂ 2 o
B(y)=g [D"‘ Y w+g1U.w] (8.8)

Substitution into equation (6.10) yields

v, 2 1) M
e
(8.9)

Finally, replacing v by (1/D sin 9) dy/dx from
equation (6.6) and eliminating D by using
equation (8.6), the following equation for ¥ 1s

obtained:
Ip\? _
ox)

=24 sin? _7r 2 .2__f _‘B_K_Y_zu*_]
2¢ sin <K R) [D* +g,1ﬂ ri

wy 2 Br L1
{[D T YUY

- [D“ +Z—,fw - ﬂi?g:]/} (8.10)

The appropriate boundary condition is that
x=0 Ec a streamline. As in Section 7 the
particular value to be chosen for y(o, y) depends
on continuity considerations for the entire
system. We shall restrict our numerical
solutions to the model discussed in Section 7,
i.e. to the case where the circulation is confined
to a region north of y=o0, so that

y(o, y)=0 [(8.11)

"“We first note the very important result
dpldx=o0 for all x if fx=o0. Thus, if the
variation of the Coriolis parameter with
latitude were neglected, no boundary stream
could be produced. From a different point of
view, the result shows that the variation in
depth alone and its effect on the potential
vorticity (equation (6.7)) cannot give rise to
an intense stream. Thus, 1n the two-%ayer ocean,
as in the homogeneous model, the variation of
f is the essential phenomenon and it remains to
investigate how the resulting flow pattern is
modified by density stratification. More

hysical insight into this conclusion can perhaps
Ec gained by the following consideration.
Consider the change of relative vorticity {;
Tellus VIII (1956), 3 :
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(or ——I——&> as one follows a streamline.
sin 4 Jx

Since, according to equation (6.7), potential vor-
ticity is conserved, a change in {; will be due
either to a change in for toachangein D. We
see from equation (8.6), however, that a change
of D along a given streamline is due solely to
a change in f. Hence, if f is constant, {; is
constant along each streamline and since it is
approximately zero necar the edge of the
boundary layer it must be zero everywhere.
Thus the existence of Sk is the primary cause
of the phenomenon. Inasmuch as fx together
with the small value of ¢’ in the two-layer
model give rise to a considerable change of
depth along a streamline, and this change in
turn effects the potential vorticity and hence
the current, the latter is actually dependent on
the depth (and hence on the density stratifi-
cation) as well as on fk.

Proceeding now with the analysis of the
differential equation (8.10), we replace x by X
according to equation (7.19) and then introduce
the non-dimensional quantities X, 7, ¥ by the
relations

X=sX, y=sy, p=U*sy

so that § approaches y as one approaches the
interior. Equation (8.10) becomes

me TAR
(ﬁ’) =3§£i[8+5'¢+27¢_yz]

X U¥'g''ls
{[e + 09 + 92 — |e + 0p + 27y - P2}
(8.13)
where F
o thg' _ Dtg' _2_15
€= U*Bxst  u*Bxs? o= Bxs (8.14)

Introducing the transformation

'/153 s
e-(oim) X 6x9)

equation (8.13) becomes
Ip\*? _
(a—?) =2[e+0p +2yp - 77
{le+ 9 + 9] - [+ 8p + 279 - 7°]"} (8.16)
In this form all the parameters of the problem

appear in the two dimensionless groupings &
and 6 only. The meaning of ¢ is evident. The



318

significance of ¢ is readily seen from equation
(8.6). In terms of the dimensionless variables
we have

D2=D*2 42 (fx +I.31<5?) Urp - U—*g’ﬁ

(8.17)

Thus U* xs?/¢’ is a measure of the change of
the square of the depth along a streamline and
g is the ratio of the characteristic depth D*
to the characteristic change of depth.

In Section 7 the equations were applied to
the homogeneous ocean by neglecting the
variation in depth. Hence, it is to be expected
that equation (8.16) will yield the solution for
the homogeneous ocean when ¢> 1; i.e. as far
as the boundary region is concerned, a two-
layer model, the depth of whose upper layer
is very great compared to the change of that
depth, behaves like 2 homogeneous model.
The approximate analytical solution for ¢ > 1
is obtained in the following manner. The first
bracket on the right-hand side of equation

3 la 2c 1b,2b 20

B = 2%10cm? sec™

Ut D s g & |8
wiect cm | em fm secd

i i
( 1a ;10% |4ncPza0% 10° 2t o

bl
Sle |

' :
In [10’ ‘zno‘lleo“ 10° |sxo?l o
i

t

? 2‘IO‘§2‘I0‘1 2
AR

(el

26 110° l2ao*enc® 4 |2 |o
1wo - loyer S S

2¢ 110 et 2 [0 [

| [ ] ]
ii suo‘||zuo’Jp-|o'Jo,25i| ]o |
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(8.16) is approximated by &. The expressions
inside each of the other brackets are divided
by £ and the brackets expanded in binomial
series retaining terms of order e~1. This yields

A
(52) ~ -9

Imposing the boundary condition ¥ (o, y) =0,
the solution of equation (8.18) is

(8.18)

FFlr-e-) (5.19)
which becomes identical with the solution
obtained previously (equation 7.17) upon
transformation to the appropriate variables.

If we deal with a homogeneous ocean, ¢ will
in general be large because ¢'=g¢ and this
quantity is of the order of 500 times as great
as ¢' in a usual two-layer model. If we deal
wthi a two-layer model ¢ may be made large
by making D* large. The preceding analysis

237
200 lo,th 3
20 - e
179 2p e
2¢ — e ee —
By #2210 Em™ sec”
00 uUTo s [o Je [3
kem®aet] em | cwm e se2d
te | 10° 1au0®[exic®] 10° puo*| o
r; v i | 10* l2rgf2ro® 10° jsuo®l o
ox Ut ]
v 20 | 10%|2x0%2mic® 2 | 1l o
i —
2o |10% j2uo*eucf| 4 (2 o
sol two-loyer
2c | 10® j2xctfexo®| 2 f EN
T
|3 5xlo‘|.zm;pno'|o.25‘ o ]
40 1
LN
20
10
I
i NS
" ] — | )
oz o3 355 o8 30

[} L d I e

Fig. 2. Dimensionless transport function 3 vs. dimen~

sionless distance from western coast at northern bound-

ary of region I, for various values of the pertinent
paramaters,

X%

Fig. 3. Dimensionless northward transport vs. dimen-

stonless distance from western coast at northern bound-

ary of region Ip for various values of the pertinent
parameters.
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Fig. 4. Constant depth lines (dashed) and “‘transport”

lines (solid) in region I for case 2a of Figs. 2 and

3 corresponding approximately of the formation of
the Guilf Stream.

shows that in terms of the variables of equation
(8.16) the boundary solutions y for a homo-
geneous ocean and a two-layer model are
identical provided ¢ is large and has the same
value in the two cases.

Equation (8.16) has been solved numerically
for various values of & and § and pertinent
results are plotted in Figures 2 to 4.

Figure 2 shows the variation of the dimen-
sionless transport function ¥ with dimension-
less distance X from the coast at the northern
boundary of region I,. The magnitudes of
B, U*, s, g, D*, £ (see legends of Figs. 2, 3)
for Curve 2 a correspond to a baroclinic model
of the Gulf Stream except for the fact that the
southern boundary of the region I is at the
equator (6=0). The width of the Stream is,
say, 150 km, a very reasonable value. Curve
2 ¢ represents the same situation with d=r,
i.e. with the southern boundary at approxi-
mately 15° latitude. This northward shift of
Tellus VIII (1956), 3
3—605221
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the southern boundary tends to produce a
somewhat narrower stream, but the effect is
quite small. Curve 1b corresponds to a
homogeneous ocean with the values of U*,
D*, s and & equal to those of the upper layer
of the two-layer model of Curve 2 a. These
curves thus afford a revealing comparison of
the behavior of the two models. The widths of
the Streams are practically the same. Thus, the
question of whether the bottom surface is
solid, or an interface between two layers of
slightly different density in a baroclinic model,
does not have much bearing on the formation
of the Stream and its width. Another interesting
comparison may be made between Curves 2 a
and 1 a, the latter (see Section 7) corresponding
to a homogencous ocean whose depth is that
of the total two-layer model with the same
values of U*, s, and § and which therefore
represents the Stream that would exist if the
motion were barotropic.

Curve 2 b represents the same situation as
2 a except that the density difference is double.
Comparison of the two curves demonstrates
the relative insensitivity of the stream forma-
tion to this factor.

Curve 3 applies to an ocean with the same
values of ¢ and 8 as 2 a but different U*, s, ¢',
D*. The drastic decrease in the width of the
current may be seen from equation (8.15) to
be due primarily to the increase in s.

In Figure 3 the dimensionless transport
JyjdX is plotted against X for the systems
discussed above. The transport shows a general
tendency to decrease monotonically with X
due to the decrease in velocity. This tendency,
however, is counterbalanced by the monotonic
increase of the depth, so that in some cases the
transport first increases to 2 maximum and then
decreases. This is the case in 2a, 2c and 3
where the transport starts from zero due to
the fact that the depth vanishes at y=5, X =0
in these cases; (see the following discussion of
this point). The narrow streams of cases 1a
and 3 give rise to very large transports extend-
ing over a very narrow region. The transport
adjacent to the coast in the homogeneous
model 1b is much greater than that in the
corresponding baroclinic model 2 a due to the
latter’s very small depth near the coast. The
transport in 1 b drops off much more rapidly
with X, however, so that the widths of the
streams are about equal (Fig. 2).
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Figure 4 represents a typical pattern of
transport and constant depth lines (case 2 a).
The transport lines near the coast tend to bend
away from the latter after first approaching it
due to the decrease in depth near the coast.
This decrease tends to cut down the transport
near the coast and hence to force the stream
seawards.

Our results indicate that the density stratifi-
cation influences certain aspects of the stream
formation, but that it is a modifying factor
rather than a fundamental one insofar as our
problem is concerned. One important point
must be discussed in this connection, however.

Equation (8.17) shows that, for fixed y, the
depth is smallest at the boundary and that it
becomes zero when

’

*2g
U Brcs (8.20)

Thus, if £ <1, the solution cannot be valid for
y>¢land the value y =¢"» might be interpreted
as the latitude north of which a new regime
of flow must take over. Since the velocity
remains non-zero at that point we must
actually except that the solution will break
down at some distance south of y=¢"s.

The preceding remarks apply to the be-
havior of the boundary solution when an
arbitrarily fixed transport U* with arbitrary
depth D* at y=o flows into the boundary
region. If, however, we require that the bound-
ary solution be matched to an interior solution
the validity of which is to extend up to the
eastern shore, then D* and U* are not inde-
pendent. From equation (8.2)

2Wasin K
il

y=¢h or y2=

C(L)=D**~Dz2+ (8.21)

whence, using the definitions of ¢ and U¥,

D*2

&= ﬁ?:——l)"a‘z' (8.22)

Hence, in this case 61 and takes on its smallest
value, one, only in the extreme case when
D,=o. Since the meridional transport is
independent of x in the interior, this extreme
case would imply infinite meridional velocity
at x=a. .

It is worth noting that when the model under
investigation does not represent an enclosed

G. W. MORGAN

ocean, but rather a system in which northward
flow is allowed to enter the stream across the
boundary y=o0 so that the value of y on the
western shore is negative, then, from equation
(8.17), the depth will become zero for a value
of 7 which is smaller than &', so that the
solution may break down for y <1 even if it
is matched to an interior solution which is
valid right up to x=a. It appears that this
breakdown of the solution when ¢ is sufficiently
small constitutes the major difference in the
dynamics of the streams in a two-layer and a
homogeneous model.

The theory predicts that the meridional
velocity is a maximum at the western shore.
This appears to violate completely the condi-
tion that a viscous fluid should adhere to a solid
boundary, a condition which was specifically
excluded by our approximate analysis. This
violation becomes less serious than appears at
first sight when one considers that the bound-
ary may be interpreted as a water boundary
with the region between the stream and the
coast acting as sub-layer similar to the laminar
sub-layer encountered in turbulent boundary
layer flows.
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