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Abstract

The previous work by RossBy and CAHN on the adjustment of a non-balanced velocity
field towards geostrophic equilibrium has been generalized to incorporate the corresponding
process in a stratified but incompressible fluid. It is shown that the character of the process
essentially depends upon the width of the current, the velocity profile in the vertical and
the vertical density gradient. As long as the vertical density gradient is small the adjust-

I
ment of the mean motion of the fluid l'Udz exactly corresponds to the one described

by Caun. On the other hand vertical v:riations of the unbalanced motion will set up
internal oscillations which have considerable larger (vertical) amplitudes than is found for
the adjustment of the mean motion. Furthermore, the speed of propagation of the gravity
inertia waves thus generated (cg) is considerably smaller than that of the waves generated
during the adjustment of the mean motion (). For values of the vertical density gradient
as found in the oceans cx < 0.05 ¢,. In the final state of equilibrium the mean motion of the
fluid will be approximately the same as before the adjustment, while a considerable smooth-
ing of the vertical gradients of the velocity field will take place, the more the broader the

original current is.

1. Introduction

The motion of the atmosphere as well as the
oceans takes place under approximate geo-
strophic balance. This has been known for a
long time and has been used both in meteorol-
ogy and oceanography to compute the state
of motion more accurately than it can be
observed directly. The geostrophic relation
has been very useful as a diagnostic tool. The
relation is merely an expression for the fact
that usually the horizontal acceleration is
one order of magnitude less than the Coriolis
force and the horizontal pressure gradient.
Thus it may be neglected in a first approxi-
mation. However, then it also follows that
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the geostrophic relation in itself cannot be
used as a prognostic tool. Having realized this
fact meteorologists for a long time have been
studying the departures from geostrophic
equilibrium to obtain a better understanding
of the atmospheric processes and to derive
relations that might be useful in forecasting.
It must, however, be admitted that in most
cases these attempts have not been very
successful, probably to a large extent depending
upon the difficulty of making the proper
approximations in order to separate various
physical processes from cach other.

Lately CHARNEY and collaborators, however,
(cf. CHARNEY 1949) have been able to develop
useful methods for forecasting the upper flow
patterns in the atmosphere by using the
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geostrophic approximation in the barotropic
vorticity equation. This procedure essentially
means a filtering out of the inertia oscillations
that necessarily must develop for the adjust-
ment of the wind field and mass field to each
other in order to retain an approximate
geostrophic equilibrium. One assumes that
this adjustment is complete and takes place
with an infinite speed and that the displace-
ments that must occur are small in comparison
to the large-scale motion of the atmosphere.
The method has been quite successful and gives
a first approximation of the development
of the mean ficld of motion that even may be
useful in practical forecasting. The realiza-
tion of the physical sequence of events made
it possible to apply the proper approxima-
tions at the right instant in the process of
the development of the equations.
Undoubtedly there exist cases where it is
not permissible to neglect this adjustment
process towards geostrophic equilibrium to
obtain acceptable results. This is probably still
more important when trying to study the
changes of the vertical variation of the wind
field, where the stratification of the atmosphere
plays an important role for the adjustment
process. It is quite well-known, both from
synoptic experience and from theoretical
investigations (RossBy, 1938), that the adjust-
ment of an unbalanced current in a stratified
fluid towards geostrophic equilibrium in-
volves a considerable redistribution of the
mass field. We shall also see that the speed of
propagation of the internal gravity-inertia
waves, by which the adjustment takes place,
is considerably smaller than the speed of the
waves that develop during the adjustment in a
homogeneous (barotropic) atmosphere. It is
likely that some of the systematic errors that
appear when forecasting with, for example,
a two-parameter model of the atmosphere
(CHARNEY, PHILues, 1953) are due to the
neglect of this adjustment process. To account
for the apparence of such inertia-gravity
waves in the process of numerical forecasting
one may proceed in different ways. One may
use the hydrodynamic equations without ever
introducing the geostrophic approximation.
This would probably increase the amount
of computations for a 24-hour forecast
by several magnitudes. It therefore scems very
desirable to try to develop some simplified
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method in which the essential characteristics
of the adjustment process have been considered.
In order to be able to do this we must learn
more about the adjustment of the flow and
the pressure field to each other in idealized
cases. We already now know some of the
main features of this process essentially through
the work by RossBy (1938), CAHN (1945) and
RAETHJEN (1950). However, as yet no syste-
matic treatment of a stratified atmosphere has
been presented. Some principles have been
derived by Rosssy, but in particular a study
of the process of adjustment in a fluid with a
continuous density distribution is lacking.

This problem of maintaining an approximate
geostrophic balance is also an important aspect
of the dynamics of the ocean currents. The
main difference from a hydrodynamic point
of view between the oceans and the atmosphere
is, of course, the facts that the sea-water ma
be considered as an incompressible fluid, the
oceans have an upper free surface and the
density difference between the top and the
bottom is quite small. These characteristics
simplify the mathematical treatment consider-
ably and we shall therefore first discuss the
adjustment towards geostrophic equilibrium
in an incompressible, stratified fluid of an approxi-
mately constant depth, D. These restrictions will
be removed in part II of this paper, which
is going to appear in a later issue of this journal.
It would, of course, be possible to derive the
equations for the most general case first and
then simplify the formu%ae obtained to apply
to the more special problems. The procedure
followed here is used primarily because the
discussion of the upper boundary condition is
believed to be more clear in this way, secondly
because the method of approach is most easily
followed in a relatively simple case.

RossBY in 1938 described the general features
of the adjustment within an mnfinite current
in a homogeneous incompressible fluid of
uniform depth, initially not in geostrophic
equilibrium. Let us assume that a certain
amount of momentum has been communicated
by some process (e.g. wind action) to an
infinite strip parallell with the x-axis. However,
no pressure gradients exist at this time. The
momentum of the fluid is associated with a
certain Coriolis force which will try to deflect
the moving particles towards right (looking
down-stream). Gradually fluid is accumulated

Tellus V' (1953), 3
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to the right of the current while the free
surface is lowered to the left of the current.
In such a way the proper pressure gradient is
built up and geostrophic equilibrium is ap-
proached. Rossby pointed out that certain
inertia oscillations must be generated and a
certain portion of the initia% energy of the
current is thus transformed into sucK oscilla-
tions. It was also shown how these considera-
tions for the adjustment of a current in a
single homogenecous layer may be generalized
to the corresponding process in a fluid con-
sisting of two or several homogeneous layers
on top of each other but with different den-
sities. The internal boundaries between the
layers will be considerably more deformed
than the free surface if the density differences
between the various layers is small. In this
case proportionally a larger portion of the
kinetic energy of the initially unbalanced
current is transformed into inertia-gravity
oscillations.

Recently also RAETHJEN (1950) has published
a study of the adaptation of the wind and
pressure fields towards each other when ini-
tially not in balance. He points out that a
current extending through the whole atmos-
phere will change very little during the adjust-
ment, while a current only occupying a
certain fraction of the atmosphere will be
changed considerably more.

The papers by Rossy and RAETHJEN were
mainly devoted to a study of the final state of
equilibrium. No attempts were made to
study the process of adjustment. This problem
was attacked by CAHN (1945) who solved the
problem for a single homogeneous layer of
fluid. He demonstrated how the energy of the
inertia oscillations very rapidly is carried away
from the source region by damped travelling

gravity waves the speed of which is VgD, (D,
being the depth of the fluid). The final state of
equilibrium is very closely reached already
after a few oscillations.

The problem of how the adjustment of the
velocity field towards geostrophic equilibrium
takes place in a stratified fluid has remained
unsolved up to the present time. It is the pur-
pose this paper to discuss this problem in
some detail. In order to describe the physical
process most clearly we shall first treat a case
similar to the one discussed by Rosssy and
Cann (Lc).

Tellus V (1953), 3
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2. The basic differential equations

Let us consider an incompressible fluid of
the average depth, D,, which has an infinite
extent in the ﬁorizontal directions x and y.
A certain vertical density gradient exists in
the fluid. We assume that the density is givenby

0 = on (1 — o) (1)

where ¢ is a function of the vertical coordinate
(2) being zero at the bottom and unity at the
upper free surface. Thus, both the bottom
and the free surface are assumed to be isosteric
surfaces. It will furthermore be assumed that
the vertical density gradient is small («x<1).
We shall consider an infinite current, u,
along the x-axis which is assumed to be in-
dependent of x (9/dx = o). Thus it is sufficient
to study what happens in a plane perpendicular
to this axis (yz-plane). Let £ and { denote
the horizontal and vertical displacements in
this plane. Through making use of the assump-
tion of incompressibility we obtain the fol-
lowing continuity equation
de I
7y + 5 0. (2)

We want to use o as our independent vertical
coordinate and transform (2) accordingly. We
may write

9z Iz I 8
i (%>0+%_D°+(70 G)

2z]Jo is an expression for the vertical stability
of the fluid and (9z/do), = D, is the value of
9z/dc in an undisturbed state. We have here
assumed that ¢ is a linear function of z. Now
the assumption of small perturbations means

%8
5 < Do (4)
and if y = ¢/D, we may write (2) as
de  du
9—}’ + P o. (5)

The two horizontal components of the equa-
tion of motion are

1;;1 — fo ©

d
[
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where already the assumption of J/dx = o has
been introduced. f is the Coriolis parameter
and is assumed to be constant. # and » are the
horizontal components of velocity along the
x and y-axes and p denotes pressure. Neglecting
higher order terms we obtain by integration
of equation (6)

U =1u +( %>s
[} ay .

We shall a priori exclude the possibility for
dynamic instability to occur and assume
Jue/dy € f. It is then seen from equation (7)
that any geostrophically balanced field of
motion may be added without changing the
character of the adjustment process. We may
then simply assume that no horizontal pressure
gradients exist initially i.e. the density surfaces
as well as the free surface are horizontal. Thus
uy denotes the initially unbalanced field of
motion along the x-axis and

¥ =y + fe. (8)

In equation (7) we must transform dp/dy into
an expression only containing our depending
variables defined previously. By making use
of the hydrostatic relation and assuming that
no external forces act on the free surface we
obtain

D
p=ngedz (9)

where D is the actual depth of the fluid and ¢
acceleration of gravity. Through integration
by parts and making use of (1) in differen-
tiated form we get

X
p =g (0s D—02) + agog S zds (10
o5 denotes the density at the free surface and 2

is the height of the density surfaces (function
of ¢). Now

Ip Ip
@: (55)?
Differentiation of (10) with respect to y,
keeping o constant, gives

z)_pz?_z B ({7p> dz (11)

2="0y " \oy)e %0y

1
ap aD Iz dz
<Z>a— ggsgy g0 Jy + “Qogfg—),da- (12)
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Combination of (11) and (12) yields
2 oD e
<—{7—§>6= 905+ o008 f P

(14)
where z, is the height of the o-surfaces in the

undisturbed state. Thus

Iz
dy TPy

Now
Z=20+C:20+MD0

(15)

Assuming small perturbations allows us to
neglect the convective accelerations in dv/dt.
Furthermore, o« < 1 and thus o, may be ap-
proximated by g, in (13). With the aid of (13)
and (1s5) we may thus transform (7) into

I
v D u
5= — fu —gg)—,——ocho ‘/Zda. (16)
The three equations (5), (8) and (16) and the
definition of v

de
V=0 (17)

represent a complete system of equations for
the four dependent variables ¢, u, # and v as
functions of y, ¢ and t. We observe that
D = D, (1 + ps), index “s” indicating values
at the free surface of the fluid. We shall next
eliminate three of those variables in order to
obtain a single differential equation with only
one dependent variable. Because of the
character of the boundary conditions it is
most suitable to retain w. It is easily verified
that the following differential equation is
obtained
*u 2, L J2u u

deao: ~J asay —J* o %D gy U18)
If we introduce the vertical velocity as 2 new
variable defined as

2
W= I/fjltf (19)
w¢e gCt
PW W »W
ot i b S

Exactly the same equation is satisfied by v.
Tellus V (1953), 3
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It is suitable to introduce non-dimensional
variables here. In analogy with Rossby we
may define a “radius of deformation” R =

= VagD, - f-1. As unit of time we choose
f~*. The new non-dimensional variables are
then defined by the following relations

-
2Ry @

u, w and o are already non-dimensional.
Equation (20) now becomes

1w

I2W  IPW
Jodr? + =°

Jo? oyt

(22)

We also shall need a relation between W and

V" which is obtained from (5) by differentiation
with respect to time

VW (23)

o 3

I
3. Adjustment within a single stratified
layer of fluid

a. Boundary and initial conditions

The bottom of the fluid remains fixed at all
times and thus
(24)

At the free surface we get by putting 6 = 1 in
equation (16) and introducing the expression
for D

c=0: W=o.

v du
=1 ﬁ:_ﬁl—-gl)"@' (25)
This equation is transformed into non-dimen-
sional form. In order to eliminate U as a
dependent variable we differentiate with re-
spect to T and make use of (8) and (17). Thus
we get

1w

—sa; 9

which will be the boundary condition at the
free surface.

The only lateral boundary conditions that
may be applied are the requirements that W
and 1/ remain finite when 7 - co.

We shall investigate the adjustment towards
geostrophic equilibrium of an arbitrary current
Tellus V (1953), 3
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within this stratified fluid, which initially is
not in geostrophic balance. Let us assume that
no motion exists initially in the plane perpen-
dicular to the current

V=W =o. (27)

However, if geostrophic balance does not
exist, we find from equation (7) that dv/dr * o.
Thus the fluid will acquire a velocity in the
n-direction and vertical motions will also
appear as soon as @ (JV[dr[dn = o. It is
obvious from equation (7) that it will be
sufficient to know the unbalanced component
of the motion in the x-direction to be able to
determine the accelerations completely and
thus also the following development. Thus,
as was mentioned before, it is sufficient to
study a case where no horizontal pressure
gradients exist initially, since any geostroph-
ically balanced motion may be superimposed
upon the solution obtained. If U, is the value
of this non-balanced component of the motion
in non-dimensional form we obtain

T = 0!

IV
=0 —-=—U (28)
where o =R-f-U, (29)

It is necessary to transform equation (28) into
one containing W instead of V' for reasons
that will appear later. Differentiation with
respect to 1) gives

oy afowy
Jt\dng) Iy o\ e 30

where we have made use of (23). We know
that W= 0 at ¢ = o and thus by integration
with respect to ¢ we obtain

Lo W [,
T = 0 P = 917 g.
o

(31)

This will be the second initial condition to be
used together with (27).

b. Solution of the differential cquation
Let us assume that W may be written

W = XAk (n, T) sin Axo (32)
K

by which assumption the boundary condition
(24) is automatically fulfilled. Since the fluid
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has a finite extension in the vertical it is
reasonable to assume a representation in the
form of a series, i.e. only certain values of
Ak (eigen values) may be chosen in order to
satisfy both the differential equation and the
boundary conditions at the upper and lower
boundaries. We shall later see that this assump-
tion is correct and that Ax is determined in
such a way that the functions, sin Axo, fulfil the
necessary orthogonal requirements. Thus any
continous function W may be expressed in
the form of a series as the one given in (32).
(The reader is referred to, for example,
RIEMANN-WEBER, 1918, COURANT-HILBERT,
1931, for a more detailed discussion of these
and other problems arising in connection with
the solution of partial differential equations.)
Introducing (32) into the differential equation
{(22) we obtain

, Ak ., Ak
ZK [t v G -

xsin Aok = 0. (33)

This relation must be valid for all values of o.
It follows that

92AK _I_(?zAK
Ak In?

+ Ax=0

(34)

as the summation over sin Axo is a unique and
complete representation. This differential equa-
tion is hyperbolic and is most easily solved by
Riemann’s method provided the initial condi-
tions may be properly expressed in terms of Ax.

Next we must satisfy the boundary condi-
tion at the free surface. From (23) we obtain

W ow

5;{:—76— = — E ZKAKCOS}.KO‘. (35)

K

In order to express all terms in (26) in series
with respect to Ax we must differentiate this
boundary condition with respect to 7. In-
troduction of the expressions for W and

IV [Im then yields

72A
— E Zx[—K+AK]cosZK+
Jt?
K
I JZAK .
+& E anz-smlx_o.
I3

(36)
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Making use of the basic differential equation
(34) we obtain

E [i v — Ssind P*Ak _
chos K— _sinAx o =o.

Thus the upper boundary condition is satisfied
provided

(37)

(38)

tg AK=£—( l

Axmay be chosen in this way, since the func-
tions sin Axo then fulfil the orthogonal require-
ments mentioned above (COURANT-HILBERT,
1931).

Thus having satisfied both the upper and
lower boundary conditions, the initial con-
ditions given by (27) and (31) have to be
expressed in terms of Ag. Equation (27) gives

ZAK sin }.KO' = 0. (39)
K
This should be valid for all values of ¢ and
thus

T =o0:

Ax =o. (40)

The second initial requirement (31) gives

dAx rau,
E 7 sin lKa—f%da. (41)
K o

The right hand side of (41) may be expanded
in a series of the same type as the one applied
to W. We may write

a

g(n,0) = f&’ do = ¥ Bk sin Axo (42)
K
(o]

In

or

a
ﬂ= ZBKZKCOS Z.KO’.
(77} K

(43)
It follows from the boundary condition that
¢ (n,0) = o and thus the representation in (42)
is unique and complete. It is possible to
express the coefficients Bk in terms of 2U,/dn.
We finally get

. 2[Ig(17,a) cos Ago do
Bx=7-— - (49)

I .
1 + ——sin 24k
2/11(

Tellus V (1953), 3
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By combination of (41) and (42) we obtain
(45)

as the second initial condition to the hyper-
bolic equation (34) where By is determined by
(44). We now get as the complete solution
of (34)

T

Ax(n,7) = _ifBK (’7—;—K> .

- Jo(VTa—ss) ds. (46)

Here ], denotes the zero order Bessel func-
tion.

Thus W may be computed from (32) and V
is then obtained from (35) by integration
with respect to 7 (V' = o for = oo):

n
V=— f ZAKAK COs AKO'dn.
—oo K

(47)

The displacements of the particles at every
moment are obtained from (17) and (19)

V’:def

- (48)
l w= [ Wit.

c. Final state of equilibrium

It scems not possible to evaluate the two
integrals (48) cxactly when v - co. We may,
however, obtain the final state of equilibrium
directly from the differential equation (18) by
putting 7/Jr = o. Let us also introduce non-
dimensional quantities and we obtain

Pu Pu U,

Jot ot dody’ (49)
The boundary condition at the bottom of the
fluid is as before

= o. (s0)

Putting Jdv/dt = 0 in equation (25) and in-
troducing the expression for u given by (8)
gives us the following relation at the free
surface (o = 1):

o = 0:

(s1)

P
Juo + fre = —gDoJ—/;

Tellus V (1953), 3
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or in non-dimensional form

I du
=1: U = —-L
=1 o + & " % (52)
Let us assume that the solution of equation
(49) may be expressed in the form

p = ZPg(y) sin Ix 0. (s3)

Thus the lower boundary condition (50) is
satisfied. Substituting (53) and (43) into (49)
gives

z [‘Z—f}’K —Ai(Pe— BK)] sindo—o. (54)
K

Since this relation should be valid at all levels
we get

d:P

G Mk Px= =ik Bx (s9)
In the same way as before the boundary con-
dition (52) at ¢ = 1 gives us a relation for the
determination of A, which becomes identical
with (38).

In the following applications we shall con-
sider a distribution of U, which is symmetrical
around 7 = o. Thus Bk is an antisymmetric
function and the same will be true for Px. We
may then also assume that Px= o for = o.
If the initial current is limited to a region
[n| < a, Bk = o for 5| = a. Hence we obtain
from (ss) that Pg will approach zero when
7 — o0 as exp {— Axn), which is in agreement
with the results obtained earlier by Rosssy

l.c).

( E)quation (ss) is most easily solved nu-
merically. For small values of Kand a, Px < Bx
and we may neglect Pk for || <a which
simplifies the integration for this region. For
large values of K, Ax becomes large and we
may immediately write down the approximate
solution Px = Bg.

To obtain the final velocity distribution we
transform equation (8) into non-dimensional

form
U="0, + ¢. (56)

From the continuity equation (5) we get
n
¢ =-—2Ag cos Ao f Px dn (s7)
K —00

and from (43)
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n
U, = 2 Ag cos Axo f Bk dn.
K — o0

(58)

These formulae will be discussed in the follow-
ing section.

d. Discussion of the results

First some general comments will be given,
then a description of the adjustment process
in a few specific cases will be presented. These
examples have been chosen to be of interest
both to oceanographers and meteorologists.
However, the application to the atmosphere
should be made with caution, in particular
since atmospheric conditions may be treated
in a morc exact way as will be shown in a
forthcoming paper.

By and large the adjustment of the initially
unbalanced current will follow the scheme
outlined by Rossey (1938). However, it is
seen from the preceeding sections that the
detailed character of this process is deter-
mined by the velocity profile of the basic flow
along the vertical. Each value of K corresponds
to a certain periodic (sinusoidal) distribution
of the basic motion with respect to ¢ in such a
way that the basic velocity profile is practi-
cally independent of height for K=o, it is
zero at onc intermediate level for K = 1, at
two levels for K= 2, ctc. (cf. Fig. 1). Any
given velocity distribution may be decomposed
in such a series of components (modes). Each
one of these modes will give rise to certain

/ ~ |
/' \\\\E
ki

9 05 05 10 u

Fig. 1. The distribution of the basic velocity with
depth which gives rise to oscillations of zcro, first,
second and third mode (K = o, 1, 2, 3).
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adjustment oscillations, which travel from the
region of the original, unbalanced current in
the direction of both the positive and negative
y-axis. The amplitudes of the waves thus
gencrated decrease with time and the motion
gradually approaches an equilibrium state.
The speed of the waves depends upon the
value of K. Let us for the time being consider a
point disturbance, e.g. Bx+ o only in a small
region around the origin, # = o. It is then
casily seen from (46) that W = V' = o as long
as 7 < Ak|y|. Thus the influence will prop-
agate with a maximum velocity Cx which is
given by

(59)

Since « is a small quantity we get the following
approximate expressions for Ax from equation
(38)

'10 = \&
|2K= Kr +

o (60)
K K >o.

Thus Cx becomes (cxpressed in ordinary
units and then denoted by ck)

to = gDy

(61)

o
cK:}<—n[O, K >o.

Hence, ¢, is independent of the vertical stratifica-
tion of the fluid as long as the total density differ-
ence is small and it has the same value as was
found by CAuN (1945) to be the speed of pro-
pagation of the waves generated during the adjust-
ment of a homogencous fluid. It is seen from (43)
that the basic current should be approximately
the same at all levels in order only to generate
this kind of waves (cf. also fig. 1, K = 0). For
a value of « = 2 - 1073, which corresponds to
conditions in the ocean, the speed at the surface
should be 99.9%, of the speed at the bottom
of the fluid. Thus K = o describes the adjustment
of the mean motion of the fluid.

As soon as vertical shear exists in the current,
waves will be generated with one or several
nodal surfaces. The spced of propagation of
the waves thus generated will be considerable
smaller than that of the waves of zero mode.
For the value of a chosen above we obtain

Tellus V (1953}, 3
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Jcl = 0.0I4 ¢
¢
‘CK= é (62)

The speed of these waves will only be a few per
cent or less of the speed of the waves that occur dur-
ing the adjustment of the zero mode or barotropic
component of the motion.

The amplitude of the waves depends upon
the horizontal velocity profile and the mode.
Equation (43) shows that the horizontal shear
(for the particular mode studied) is propor-
tional to AxBg. If the current is very narrow
and we consider some of the lower modes,
where Ak is small, it means that Bx+ o for
only a small interval of s in equation (46).

Over this interval J, (V7 —s?) varies only
slightly. Let s, denote the distance from the
point we are considering to the centre of the
current and let 24 be the width of the current.
With the assumption that a € s, € 7 we may
transform (46) into

T

Ax = ]Tr@ f Uk (n_ /%() ds. (63)

—T

Here Uyk denotes the basic velocity profile cor-
responding to Bg. The relation (63) shows the
decrease in amplitude with time as well as the
dependency upon the width and strength of
the original unbalanced current.

We have assumed small perturbations in the
derivation of the formulae above. It is quite
obvious that the vertical amplitude has to be
small compared with D, for K= o; for K>o
it must be small compared with D,/K. To
secure that this is the case the unbalanced
current must not be too strong and the limit
is lower the higher the mode is with which we
are concerned. In reality strong geostrophically
unbalanced motions seldom exist at least not
for the lower modes. The physical reason
behind this upper bound of the momentum is
easily found. A certain mean field of motion
(zero mode) must be balanced by a slope of
the free surface of the fluid. If the current be
extremely broad and strong the difference in
depth on both sides of the current becomes
comparable with the total depth itself in
which case it is not permissible to linearize the
equations in the way we have done. However,
such a case is probably of little practical in-
Tellus V (1953), 3
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terest. Conditions become quite different if
we have vertical velocity gradients. The
slopes of the isosteric surfaces within the fluid
become appreciable already for a moderate
increase of velocity with height, in particular
for small values of « or large values of f. For
example let us assume a =2-107% and an
average increasc of the velocity of 2 m/sec
per km. The slope of the internal density
surfaces must then be about s m/km in order
to obtain geostrophic balance (f = 10-*sec™?).
If the depth of the fluid is 1,000 m, geo-
strophic equilibrium cannot be established for
a current of this type broader than about 200
km. For the higher modes this effect becomes
still more important, since the slope of the
density surfaces must change sign for a change
of ¢ given by A\ ¢ = 1/K. Our initial assump-
tion, that the free surface and the bottom of
the fluid coincide with isosteric surfaces cannot
be maintained any longer. This example shows
clearly that the stratification or static stability
and the rotation of the earth causing a dynamic
stability are the two important factors that
determine the general character of the motions
within the fluidd. These problems have lately
been discussed by ELIASSEN (1952).

We shall next study the changes of the
velocity distribution obtained in the final
state of equilibrium. It was already shown by
RossBy (1938) that for a homogencous current
the changes largely depend upon the width of
the current in such a way that they are less
the more narrow the current is. It is seen from
equation (s5) that if pldx = & we obtain

d*Px

dee
Thus Ak is merely a scale factor. If Bk is the
same function of & for the different modes
the final state of equilibrium Px will be the
same, expressed as function of the same vari-
able £&. The character of this state of equilibrium
will mainly depend upon the width of the
original unbalanced current in a way that is
very similar to the results obtained by Rosssy
(Lc.). Figure 2 shows how an originadeocity
profile, U, (solid line), is modified during the
process of adjustment. A norrow current will
remain practically unchanged while a broad
current will decrease considerably in intensity
and counter-currents will develop on both
sides of it. We also see that the different modes

-—PK= -—BK. (64)
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Fig. 2. The modification of a given horizontal veloc-
ity profile (U,, solid line) as a result of the adjust-
ment towards gcostrophic equilibrium. a is the half-
width of the current in the unit: Vocho - (~4s km).
For a given mode (a given value of AK from ¢q.(60))
the various dashed curves show the dependency of the
final adjustment upon the width of the current. For
the value @ = 1 the curves show the final horizontal
velocity profiles for the four lowest modes.
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will be affected in different ways when the
width of the current is given. Thus the higher
modes will be considerably more reduced
than the lower ones. A larger portion of the
initial kinetic energy will be transformed into
oscillatory energy of the system and is dispersed
into the surrounding fluid masses. The final
velocity profile in the surroundings is exactly
the one found by Rossby as is easily seen
from equation (55). Since Bx= o in the sur-
roundings the solution will be proportional to
exp (—Axn)):

Since the higher modes always are reduced
more than the lower ones the adjustment of
an arbitrary unbalanced current towards geo-
strophic equilibrium always means a smoothing
of the original vertical velocity profile. It
may be of some interest to study such a case
somewhat closer. As before we choose « =
=2-103%, D, = 1,000 mand f = 107%sec ~1;
thus R = 45 km. Let us assume that the original
unbalanced velocity distribution is defined by

W os H[ 7\ _ (1Y’ n]

G == U (3 —z(a +11 (63)
This velocity field is given in figure 3 a for
the particular case when H =o.25and a = 1

(e.g- the width of the current is go km). The
horizontal velocity distribution is the one

Fig. 3. The adjustment of a given current to gcostrophic equilibrium. The upper figure shows the unbalanced
basic current, at f = o, the lower figurc gives the final statc of equilibrium (¢t —> oc).

Tellus V (1953), 3



ADJUSTMENT TOWARDS GEOSTROPHIC EQUILIBRIUM

corresponding to the solid curve in figure 2
and the vertical velocity profiles at different
distance from the centre of the current are
shown as solid lines in figure 4. For the width
here chosen all higher modes (K >3) will
disappear almost completely in the final state
of equilibrium and the lower ones are reduced
considerably except the zero mode. The
percentage reduction is shown in figure 2,
where the values of Agxa have been chosen to
illustrate the changes for the various modes in
this particular case. The final velocity distribu-
tion is given in figure 3 b and the vertical
velocity profiles are shown as dashed curves
in figure 4. The changes of the horizontal
velocity profiles are given in figure 5. We
notice the following facts:

1) The main current has become more uniform
in the centre.

2) The average speed of the current ([I Udo)

[0}
has remained approximately unchanged.
3) The counter-currents have their strongest
intensity at the boundary of the original
current, and the vertical velocity gradients
are large compared with the intensity of
the counter-currents themselves.
4) The counter-currents become more uni-
form the further away from the centre of
the original current we proceed.

We shall finally give an illustration of how
the final equilibrium is gradually approached.
Since the amount of computations is large,
we shall here restrict ourselves to a description
of the adjustment of the first mode. The
changes of the other modes are very similar.
Figures 6 shows the shape of the density

0 20 40 €0 80 100 O 20 40 60 0

Yo

n-08

DEPTH

——-

Fig. 4. Vertical profiles of the basic current before

solid lines) and after the adjustment (dashed lines) as

a function of the distance from the centre of the

current. The figure is based on the velocity distibution
in figure 3.
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Fig. 5. Horizontal velocity profiles at different heights

above the bottom before and after the adjustment. The

curves represent horizontal sections in the case given
in figure 3.

surfaces, originally horizontal, at three dif-
ferent instances after the beginning of the
adjustment viz. after 6% 5™, 15" 30 and 25"
The originally unbalanced current was restricted
to the region inside the two vertical solid
lines and the original horizontal velocity
profile was given by the solid curve in Fig. 7.
As before a = 1. In order to see the changes
more clearly the deformations of the density
surfaces have been made larger than is per-
missible according to the linearized theory. The
final state of equilibrium is shown as dashed
lines.

The discussion above has been carried out
starting with an unbalanced velocity field. Of
course it applies as well to a mass field initially
not in geostrophic balance. The discussion
becomes quite analogus since we always may
define the geostrophic velocity corresponding
to the actual mass distribution and thus also
define an unbalanced velocity field. It is then
clear that the higher modes of the mass field
distribution will change very little while the
lower modes are practically completely ad-
justed towards the existing geostrophic wind
field.

At this stage of the work it would be
premature to discuss the implications that
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Fig 6. The process of adjustment of the first mode illustrated by three successive cross-sections through the

current 6hsm, 1sh3om and 2sh after the instant at which the adjustment started. The solid lines represent the

density surfaces at these times and the dashed lines in the third figure are the corresponding density surfaces

in the final state of equilibrium. Initially the depth and the width of the current are the same. The dashed
vertical lines define the influence region. o = o.1.
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these results may have for the numerical
forecasting procedure as developed at present
(CHaRNEY, PHiLLips, 1953). It seems, however,
to the author that the geostrophic approxima-
tion may be sufficient when forecasting the
mean motion of the atmosphere since the
adjustment to geostrophic equilibrium, that is
assumed to take place instantaneously, probably
means a very slight change of the velocity
field. This assumption is less valid when we
consider the varation of the velocity with
height. We have seen that the adjustment to
geostrophic equilibrium of the higher modes
by no means takes place instantaneuosly and
that the non-geostrophic components, that

38s

develop during the adjustment, may be of
considerable magnitude. It may then turn out
that the assumption of an instantaneous and
complete adjustment of the mass field to the
new velocity field is one of the major defects
of all multiple-parameter models for numerical
forecasting purposes.
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